In repairable systems with redundancy, failed units can be replaced by spare units in order to reduce the system downtime. The failed units are sent to a repair shop or manufacturer for corrective maintenance and subsequently are returned for re-use. In this paper we consider a 1 out of n system with cold standby and we assume that repaired units are "as good as new".
I. Introduction
A 1 out of n system with cold standby is a system that consists of n units of which one has to operate. When the operating machine fails, one of the other (n -1) machines is put into operation. Cold standby means that the redundant machines cannot fail while they are waiting.
One encounters this type of system often in situations where a high reliability is necessary. This is the case for example in the process industry, power generating companies and with airline companies. Here we see large systems that consist of serial and parallel chains of subsystems, with expensive units like turbines, motors, pumps etc. The failure of a subsystem can cause an expensive downtime of the whole system. In order to reduce the downtime redundancy is necessary. Note that the idea of a 1 out of n system is also applicable to replaceable components or exchangeables.
In this paper we will investigate preventive maintenance in a 1 out of n system. The idea is that older units are more likely to breakdown and their running costs increase with age. Hence we replace an operating unit by a standby one, if one is available, if the unit has exceeded a certain age. The replaced unit then undergoes a preventive overhaul. If a unit suffers a major breakdown before it has reached the age at which it is replaced, a corrective overhaul will be performed. The model does not consider minor failures after which a minimal repair is done. It is assumed that a compensation for them is made in the running costs.
An advantage of preventive overhaul is that it can be planned and hence might be cheaper, while failure during operation might be costly and dangerous [ 10] . If the units are operating at unsuitable locations such as oil platforms offshore, it is customary to replace the failed or time expired units in situ and to send them to a special repair shop, which is often the manufacturer's, for overhaul and subsequent return for re-use. Two other advantages of preventive maintenance are the following: (i) if preventive maintenance takes substantially less time then corrective maintenance, the expected uptime of the system can increase and (ii) with preventive maintenance possible running costs can be controlled. Preventive maintenance in this context is especially suited for exchangeables that wear out such that they need an overhaul, which might take a long time.
Many papers have been written describing some of the characteristics of the 1 out of n system, with a variety of assumptions underlying the derivations of exact and approximate formulae. Most often the assumptions concern memoryless properties within the system. For example Brouwers [4] derives probabilistic descriptions of irregular system downtime assuming exponential failure time and repairtime distributions and Van der Heijden [7] derives a scheme to compute approximations for the reliability assuming exponential repairtimes. These assumptions can have a bad influence on the performance of the model. In this paper we will compare the performance of our model with an exponential model.
The concept of preventive maintenance has extensively been studied, but not often in combination with an availability model. That is, for complex systems the effect that preventive maintenance at a unit level has on the availability of the whole system has not been considered. A survey of preventive maintenance models can be found in for example Pierskalla & Voelker [11] , Sherif & Smith [12] , Jardine & Buzacott [8] and Valdez-Flores & Feldman [ 13 ] .
Two papers that combine availability models and preventive maintenance are Aven [ 1 ] and Van der Duyn Schouten & Wartenhorst [5] . In the model of Aven an approximation of the availability is made under the assumptions that the repairtime has an exponential distribution and there is a constant failure rate up to the time of PM. This model does not deal with optimizing preventive maintenance regimes. The model of Van der Duyn Schouten and Wartenhorst considers the uptime and the downtime of a 1 out of 2 system with Markovian degrading units. Here the preventive maintenance is of control limit type: a preventive maintenance is carried out if the state of the operating unit exceeds a certain threshold.
In our model we initially assume that preventive and corrective overhaul each take a constant time and that there is always enough repair capacity (no queueing). The costs considered consist of constant costs for preventive maintenance and corrective maintenance and we assume that the latter are highest. Next there are variable downtime costs and age-dependent running costs. The objective is to determine the age at which a unit should be replaced to undergo preventive maintenance such that the long run average costs are minimal. By varying the total number of units we can also decide which number of units is optimal.
It is important to note that we need not consider the case where the distribution of the failure time is exponential. Since, by the memoryless property, it is never optimal to do preventive maintenance when the running costs are constant. Our model allows a general IFR distribution. The analysis is based on renewal theoretical approximations.
We will start the analysis with an approximation for the uptime and the down time of the system for the case when the time needed for preventive maintenance is equal to the time needed for corrective maintenance. This approximation can be seen as an extension of the availability model of Van der Heijden [6], who approximates the expected uptime and the expected downtime of a 1 out of 2 system, assuming a general lifetime and a general repair time distribution. Moreover, in our analysis the geometric distribution plays an important role, which is also the case in Kalashnikov [9] . Once we know the approximate expected uptime and downtime of the system we can then obtain a good approximation for the long run average costs. We then consider the case when the times for preventive maintenance and corrective maintenance are not equal.
Furthermore, we compare the approximation with two simpler approximations and with simulation. The first of these two approximations is based on standard Markov theory and the second is based on decomposition and approximates the costs directly.
We conclude this paper with an example, where we determine when to replace a unit and how many should be initially bought such that the total expected discounted costs over an infinite horizon are minimal.
The model
Consider a 1 out of n identical unit system with cold standby. We assume that the lifetime distribution of a unit, F(t), has an increasing failure rate. If an operating unit has reached a certain age Tpm, then it is replaced immediately by a standby unit if available and the old unit undergoes preventive maintenance. If a unit fails before Tpm, then it undergoes corrective maintenance. After a preventive maintenance or a corrective maintenance a unit will be "as good as new".
In the model costs play an important role. We assume that there are constant costs for a corrective and a preventive maintenance, Cc and cp respectively. Next there are variable costs for downtime, ca, and agedependent running costs, Cr(t), where t indicates the unit's age.
The objectives of the model are (i) to determine the optimal moment for preventive maintenance, Tpm, with respect to the long run average costs and (ii) to determine the optimal number of standby units.
In the list below the most important notation needed in the modelling is summarized. More notation will be introduced in the course of the paper when required. 
The expected uptime of the system
In this section we assume that the times for preventive maintenance, Rpm, and corrective maintenance, Rcm, are both equal to R.
To account for preventive maintenance, we will include the decision moment Tpm to replace an operating unit and perform preventive maintenance on it, into the distribution function of the failure time of a unit as follows, If unit 1 fails at x, the repair of unit 2 must be finished, otherwise there will be system downtime.
F(t) t<~Tpm,
FTe'(t)= 1 t > Tpm.
Suppose that the system is already up for some time and that at this particular moment a new unit starts operating. The probability that the system will stay up for another t time units is equal to the probability that the current unit will reach age t plus the probability that if the current unit fails after x time units (x < t) a standby unit is available which together with other units keeps the system up until time t. As an approximation, we will assume that the points at which a unit starts operating are renewal points. The probability that a unit is available just after one has gone down with age x, given no information about the remaining history of the process, is equal to the probability that n -2 units have kept the system up for longer than R -x time units, such that at least the (n -1)th unit that failed before the last one is now available. (See Fig. 1 )
Hence the reliability of the system can be approximated by
So we obtain the following approximation ;zrv.,
with ttr.., the expected "lifetime" of a unit: OO Tpm .,., = f[1-
with the sign *(n -1) indicating a (n -1)-fold convolution In the Appendix we will discuss the numerical evaluation of these convolutions. 
The expected downtime
We assume that system downtime only originates if the system has been up for more than R time units. If the system suddenly goes down then the downtime will be greater than t if the uptime of the past (n -1) failures together has been shorter than R-t. Note that there is only downtime if the last (n -1 ) units in the previous uptime together have lived shorter than R, Hence the approximation becomes
and hence 
Improvement of the approximation
If we use 1 -p to denote F~p< ~-l) (R) in the appropriate formula of the expected uptime (1), then we can transform the expected uptime to the following series la'Te"
This means that the expectation of the uptime equals the expectation of a geometric distribution multiplied by the expected unit lifetime. The parameter p can be interpreted as the probability that a unit, when it fails, does not cause the whole system to fail. In other words, it holds with probability p that the current operating machine is not the last one that is operating in the current upcycle of the system.
In light of this we can make use of extra information about the past at the beginning and at the end of an up-cycle:
( 1 ) The first n -1 units of a life cycle of the system will be replaced by a unit which repair started before F,*(n-1) the previous down-cycle. So, for the first n -1 units we suggest to adjust p = 1 -re,, (R) by 1 F*(n-1 ) ( R -E [ rdown ] ) and an approximation for the expected uptime becomes:
The intervals denote the operational time of the ith unit, i = -1 -, -2-, .... -n-. The probability that the past n -1 units have lived longer than R must be conditioned on the total lifetime of the units I up to n.
(2) Suppose that during an uptime more than n units have failed, then the probability that a unit will not cause the system to go down is greater than the value p = 1 -F~p~ n-l) (R). A replacement of a operating unit will not cause the whole system to fail if the past (n -2) units together with the operating unit have lasted longer than R time units. Let us number the past n units by 1 for the oldest unit, 2 for the second oldest etc. and n for the youngest unit. The probability that the units 2 ..... n together have operated longer than R is greater than 1 -F~p~n-l)(R) if it is given that the units l . 
The middle term of the right-hand side adjusts for the transition from the beginning of the process to the rest of the process where we can use p'.
The approximation of the expected downtime of the system does not use the fact that the total uptime of the system could be shorter than R. Hence a better approximation is the following:
As an approximation for P{Tup > R} we use p.
The expected costs per time unit
During the uptime of the system units can be subjected to preventive and corrective maintenance. The long term proportions of these two kinds of maintenance will be Fr.., (Tpm) The next approximation we make is to assume that the times at which an up time starts are renewals. Hence we can use a theorem from renewal reward theory, stating that the expected costs per unit of time in the long run are equal to the expected costs per renewal cycle divided by the expected duration of a renewal cycle. So the approximation for the long-run average costs due to preventive maintenance (Cp), corrective maintenance (co) and downtime (cd) becomes:
If there are running costs which depend on the age of the operating unit, then the average running costs per time unit is influenced by the moment at which we decide to replace an operating unit. Let Cr(t) denote the marginal running costs if the unit has age t, then the average running costs per unit during an uptime are: 
Different overhaul times
So far we have assumed that the repairtime R is the same for preventive maintenance and corrective maintenance, let us now extend the model by distinguishing two different repairtimes: Re,. for corrective maintenance and Rpm for preventive maintenance, with Rpm < Rcm. This change means that the sequence of the machines that start operating is not determined anymore, that is between two successive times that machine i starts operating, other machines might have operated more than once or not at all.
If Rcm < Rpm + Tp., then the approximate analysis is still easy, because now the order of the machines that start operating remains the same. The original probability 1 -p that a unit causes the whole system
Together with the improvements of Section 5 this implies that the approximation of the uptime becomes:
The formula for b' comes from the following observations:
• For the probability that the last (n -I ) units together live longer than Rpm time units, it is given that the total lifetime of the last n units together is greater than Rpm time units.
• For the probability that the last (n -1 ) units together live longer than Rcm time units, it is given that with probability F(Tpm) the last n units have lived longer than Rcm time and with probability (1 -F(Tpm)) that the last n units have lived longer than Rpm time units.
The downtime is also a straightforward adjustment of formula (6):
The cost per unit time incurred by this setting of the model can be determined with the same formula as before, that is Eq. (7).
An exponential approximation
In this section we derive an alternative approximation for the expected uptime, down time and average costs by fitting an exponential distribution to the failure distribution. This kind of approximation is often made in practice. Here we use it to compare the results with those from the approximation in Sections 3-6.
Let us approximate the distribution of the lifetime of a unit (Frpo, (t)) and the distribution of the maintenance time (R with probability 1) by exponential distributions, using as first moments/zrv., and R.
If we denote P(i units in maintenance) by qi, we have the following local balance equations:
for i= 1 ..... n.
/zrp.,
Hence the probability of the number of units in maintenance is given by the following productform (see [ 3] ):
P(i units in maintenance) = ~ with B a normalizing constant. Since the minimum of n exponentially distributed random variables with parameter 1/R is exponentially distributed with parameter n/R, it follows that the expectation of the downtime is given by:
The expected uptime now follows directly. Since
E [ rdown ]
= P(n units in maintenance ),
we have that
For the approximation of the costs of the system we use Eq. (7). By introducing distinct times for preventive maintenance and corrective maintenance, Rc,. en Rpm , the only adjustment that has to be made is to change the R in the above formulae by the expected repairtime FT~,., (Tpm)Rcm + ( 1 --FT. .,(Tpm) )Rpm.
A decomposition approximation
In this section we describe another approximation for the long-run average costs by decomposing the 1 out of n system into n independent subsystems.
If we replace in Eq. (7) Orp. by E[7"up]/lXrp.,, then the average costs (7) of the system only depend on the steady state availability of the system and it will not be necessary to know the expected uptime and the expected downtime. So, if we are only interested in the costs of the system and not in the expected up time and the expected downtime, then an approximation of the steady state availability is all we need. A possible approximation for the total availability of the system is the following: We replace the 1 out of n system with cold standby by a 1 out of n system with hot standby and for each unit in the old system we increase the expected lifetime. The expected time that a unit in the old system is continuously on cold standby is bounded by (n -l)/zrp.,. We use this bound time to increase the expected lifetime in the new system. The intrinsic availability of the units in the new system becomes 
+ R nker,,. + R"
So the above intrinsic availability is greater then the expected fraction of time that a unit in the original 1 out of n system is in standby or operating. By using Ai for the intrinsic availability of each unit in the new system, a simple exact formula for the steady state availability is given by:
Now we can use this expression as the approximation of the steady state availability of the original 1 out of n system. Hence the cost per unit time that is generated by this approach will be: 
Numerical Results
In order to test the various approximations a simulation program has been written. The simulation program simulates the uptime, downtime and costs. The simulation terminates when the observed variance of the mean uptime has become smaller than 0.01. Tables 1, la, 2, 3 and 4 present the results that have been obtained for several cases. For the up time, downtime and costs that are calculated by our approximation the equations (5,8,6,9,7) have been used.
In Table 1 the times for preventive maintenance and corrective maintenance are the same, i.e. Rcrn = gpm = R.
There are three cases given in Table 1 . In the first row the total number of machines, n = 2 and R = 1; in the second row we have n = 3 and R = 1.75; and in the last row n = 4 and R = 2.5. For each case we varied the preventive maintenance age, Tpm, from 1.25 to 3.95 in steps of 0.30. Thus we can form a cost function depending on Tpm, and minimize the costs. For all three cases the underlying failure distribution, F(t), is given by F(t) = 1 -e -1/3 tl7"~, which corresponds to a Weibull distribution with mean /z = 1.67 and shape factor 1.75. It has an increasing failure rate of r(t) = 0.58t 0"75.
The costs for corrective maintenance, preventive maintenance and one time unit of downtime are Cc= 75, Cp= 10, Ca=400.
When considering uptime, our approximation deviates from the value of the simulation by less than 1% for n = 2. The "exponential" model performs very poorly with the relative error being between the 30% and 50%. When n = 3, our approximation also gives a relative error of less than 1%. The "exponential" model again performs very poorly, with the relative error now being between the 30% and the 60% . When n = 4, our approximation begins to loose performance. The relative error is now up to 5% with the "exponential" model making an error of 70%. Note that as Tpm increases the expected uptime also increases. Since preventive and corrective maintenance times are equal, taking a good unit out of operation at Tpm has a negative influence on the system reliability. When preventive maintenance takes considerably less than corrective maintenance than we can also expect a positive influence.
For downtime, the performance of our approximation, expressed in terms of relative error, is not as good as for the uptime. It is about 6% for n = 2, 6% for n = 3 and 12% for n = 4. The exponential model gives relative errors ranging from 30% up to more than 50%. It is remarkable to see that the downtime, as a function of Tpm, increases. The reason for this is as follows. Notice that a downtime is caused by a small total lifetime of the (n-1) units before the downtime. The smaller this total lifetime, the greater the downtime. If Tpm is small then downtime can actually be caused by preventive maintenance. When Tpm increases, the units that originally lived up to the old Tpm will now probably have a longer lifetime. As a consequence, there might now not be a downtime. So as Tpm increases, the frequency of the downtimes decreases, and only the downtimes that For the long-run average cost per unit time, our model performs very good. The errors are on average between 1% and 4% and the shape of the curve is the same. This is very important, because it means that the optimal moment for preventive maintenance, Tt,m, can be approximated very well by our method. Since the "exponential" model performs very poor for the uptime and the downtime, it also performs poorly for the costs. The relative errors are about the 30% to 50%. Surprisingly, the decomposition method performs very well, The relative errors produced by this simple approach are mostly less than 3%. However, the shape of the cost function derived by this method is not as it should be.
The formulae (5,8,6,9,7) that are used to approximate the uptime, downtime and costs of the system are improvements of the formulae that are derived in Sections 3 and 4. In order to see what the influence of the improvements are, Table la shows the results that have been obtained by the formulae of Sections 3 and 4. From these results it is clear that the improvements are substantial. The approximation of the uptime is consequently much too low and of the down time too high for all cases. Fig. 3 presents graphs of the results of the uptime, downtime and costs for n = 3. Table 2 has the same setting as Table 1 except that the times for preventive maintenance and corrective maintenance are now not equal, i.e. Rcm > Rpm. For the first case we have Rpm = 0.5 and Rc,z = 1, for the second case we have Rcra = 1.75 and Rpm = 1.25 and for the third case we have Ron = 2.5 and Rpm = 2.
From Table 2 it appears that the performance of our approximation has become slightly worse with respect to the performance of Table 1 . The exponential model makes errors that are more than 50%.
It is remarkable to see that the expected uptime is not an increasing function in Tt, m anymore. Instead, it has become quasi-concave and achieves a maximum at a certain point. The expected uptime that is obtained by the approximation also follows this pattern. At first sight taking a good unit out of operation has a bad influence on the reliability, since we "loss" some lifetime. However, if Tp,, is large enough it can be advantageous since the time for preventive maintenance is smaller than the time for corrective maintenance, i.e. the increase in availability of the unit makes up for the "loose" of lifetime.
If we consider the downtime, then we notice that the performance is more or less the same as in the case with equal maintenance times. For n = 2 and n = 3 the errors of the approximation are up to 7% and for n = 4 we have errors up to 13%. The exponential model has again very large errors: up to more than 100%.
For the costs we can draw the same conclusions as for Table 1 . The performance has stayed about the same.
In Table 3 we have increased the failure rate of the underlying failure distribution. The failure distribution has now become: F(t) = 1 -e -°'1t25. This is a Weibull distribution with expectation/z = 2.23 and shape factor 2.5. The failure rate is r(t) = 0.25t 1'5. For this case we see that the results get slightly worse as the system gets very reliable. However, compared to the exponential model the results of our model are much better. We conclude this section by saying that the approximation method performs very well for the uptime and somewhat less for the downtime. Moreover, as the time of age replacement, Tpm, becomes greater, the approximation improves. However, if we are only interested in the costs, it seems that we also get quite good results if we use the decomposition method. Therefore we generated another example. In this example n = 4, R = 1.7, and with costs Cd = 1500 per time unit, co = 100, and Cp = 10. The failure distribution function is F(t) = 1 -e -1/3 tzs. Because of the high costs for downtime a small error in the approximation of the availability causes a great error in the costs. The results of this example are listed in Table 4 . Here we see that our approximation clearly outperforms the decomposition method.
How many units to order: an example
In this section we give an example of how the model could be used in practice to determine the optimal number of units.
Suppose an oil company is planning to build an off-shore installation, with among others a gas-turbine that is driving a compressor for re-injecting gas. When the compressor does not operate, the total costs incurred by the company are estimated at 1 million dollars per day for penalties and lost revenue. The time to failure of a gas turbine follows a Weibull distribution with an increasing failure rate of r(t) = 1/16 t 15. The expected time to a failure is about 3.9 years and the shape parameter equals 2.5. Preventive maintenance takes one year to overhaul the turbine and costs 1 million dollars. Corrective maintenance on the other hand takes one and a half years and costs 3 million dollars. The purchase costs of a turbine are 20 million dollars. The company is interested to know how many turbines should be acquired and when to perform preventive maintenance in order to minimize the expected net present value of future costs. The discount rate, r, that the company uses is 10% per year.
Before we make a comparison between the decision made by our model and the so called exponential model, we have to transform the average costs for down time and maintenance to discounted costs to make the comparison fair. Suppose that the average costs are ~ per year and that g/n costs are incurred exactly every On this basis our model advises to purchase two turbines and to do preventive maintenance every 2.5 years. The expected average costs are 2.4 million dollar a year for maintenance and downtime. This results in a net present value of the total costs in million dollars of c = 2 * 20 + 2.4/In( 1.1 ) = 65.2 million dollars.
If we run this advice through the simulation we get total discounted costs of 64.8 million dollars. On the other hand, if we consult the exponential model we get a totally different result. Now the company has to purchase four turbines instead of two and perform preventive maintenance every 4 years. The total discounted costs have become 89.2 million dollars. Under this regime our model and the simulation model both approximate an expected net present value of total costs of 86.9 million dollars. The difference between both decisions is very large: 64.8 million dollars against 86.9 million dollars.
Conclusions
In this paper we considered a I out of n system with cold standby, with units subjected to age replacement.We assumed a general increasing failure rate distribution and a constant time for corrective and for preventive maintenance. We included constant costs for corrective maintenance, preventive maintenance, variable costs for downtime and operating costs to minimize the long-run average costs. Performance measures computed were the expected uptime, down time and the long-run average costs.
Numerical experiments showed that the approximation presented in this paper performs quite well. For the uptime the relative errors are about 1% to 5% when the corrective maintenance time equals the preventive maintenance time. When the corrective maintenance time is greater than the preventive maintenance time then the approximation loses performance and the errors increase to 15% in some cases. The relative errors that are made with the downtime are about 6%-7% when the total number of machines is 2 or 3 and become up to 14% when the total number of machines is 4. For the downtime the performance of our approximation method is not as good. As Tpm decreases the approximations get worse.
The expected average costs of the system were approximated very well. The errors are less than 1% in a lot of cases. Surprisingly, we have seen that another, much simpler method, based on decomposition, also performs very well. The errors that were made with this approach are about 3% in most cases. However, if the variable costs of the downtime increase then a small error in the approximation of the availability causes great errors in the approximation of the costs. So, the difference of 1% versus 3% can magnify as we have seen in an example.
We also compared our approximation model to another model, where we have used the "common" assumption that the lifetime and the repairtime are exponentially distributed. However, we observed that the implications of these assumptions as an approximation, are tremendous. The relative errors were often more than 50% and sometimes even more than 100%.
In a practical example concerned with purchasing gas-turbines we saw what the influence of using our model or the exponential model can be. The model presented in this paper advised to purchase two turbines, while the exponential model came up with four. A 25% saving was obtained by using the correct model in this example. (:) ,
£ "~, (S)-sn+l. 
IZG(t -q)uq(t)(s) = £G(s)e -qs, with

Uq ( t ) = { O1 t >~ < q'
From this it follows, assuming that Frp., (0) = 0, the K-fold convolution of Frp., (t) can be approximated by The normal distribution with same expectation and variance as F*(3)(t) is also drawn in the figure. Clearly
• p -m the normal distribution does not give a good fit.
